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$X$ $\mathbb{C}$ , $X^{[n]}$ $n$ $0$
Hilbert scheme . Hilbert scheme
, X
, $n$ $0$ , , $X$ $n$ ,
. “ ”
. $X$ $n$ $x_{1},$ $\ldots,$ $x_{n}$ , $Z=\{x_{1}, \ldots, x_{n}\}$
, $X^{[n]}$ . . - ,
, $X$ $n$
$s^{n}x_{=}X^{n}/6_{n}$ . ( $\mathfrak{S}_{n}$ , $n$ , $X^{n}$
) - , Hilbert scheme , , $Z$
, . .
, $n=2$ . $x_{1},$ $x_{2}$ $X$ ,
$Z=\{x_{1}, x_{2}\}$ , $X$ $\mathcal{O}_{X}$ , $Z$ ,
$x_{1}$ $x_{2}$ . $x_{2}$ $x_{1}$
, $x_{1}$ $x_{2}$ , ? ,
$\lambda\cdot*\mathrm{s}$ , $x_{1}$ , $x_{2}$ $x_{1}$ $v\in T_{x}X$
$\{f\in \mathcal{O}_{X}|f(x_{1})=0, df_{x}1(v)=0\}$
. , $X^{[2]}$ , $\{x_{1}, x_{2}\}(x_{1}\neq x_{2})$ , $x\in X$ $T_{x}X$
– $L$ . , $v$ $L$
. $L$ , Hilbert scheme .
$n$ 2 , ,
, .
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1.1 (Fogarty [4]). (1) $X$ , $X^{[n]}$ ,
$2n$ . ..
(2) $\pi:X^{[n]}arrow S^{n}X$ , $X^{[n]}$ $S^{n}X$ . (
$\pi$ Hilbert-Chow )
$S^{n}X$ , stratify . $\sum m_{i}[x_{i}]$
. $n$ \mbox{\boldmath $\lambda$} $=(\lambda_{1}, \lambda_{2}, \ldots)$ ,





12 (Briangon). (1) Hilbert-Chow $\pi:X^{[n}$] $arrow S^{n}X$ , $straiifiCatl\sim on$
, semi-small . , stmtum $S_{\lambda}^{n}X$ $\pi$ , fiber bundle , $C\in S_{\lambda}^{n}X$
2 $\dim$ yr $-1(C)\leq \mathrm{c}\mathrm{o}\dim s^{n}\lambda X$
. , $\leq$ $=$ .
(2) $C\in S_{\lambda}^{n}X$ , $\pi^{-1}(C)$ .
, $C=n[x]\in S_{(n)}^{n}X$ – , $C$ stratum , $X$
2 , $2(n-1)$ , fiber $\pi^{-1}(C)$ . $n-1$
. (2) . , $C$
– .
$\text{ }$
Weyl Springer , Springer . ...$\cdot$ .
$P$ : $.arrow$.
semi-small , Borho-MacPherson $P$ fiber
.
$\mathrm{B}\mathrm{o}\mathrm{r}\mathrm{h}_{0}$-MacPherson $\mathrm{G}_{\ddot{\mathrm{O}}\mathrm{t}\mathrm{t}_{\mathrm{S}\mathrm{C}}}\mathrm{h}\mathrm{e}-\mathrm{S}_{0}\mathrm{e}\mathrm{r}\mathrm{g}\mathrm{e}1\iota 7$] , Hilbert-Chow
semi-small , fiber , $S_{\lambda}^{n}X$
, Poincar\’e
. ( $\mathrm{G}_{\ddot{\mathrm{O}}\mathrm{t}\mathrm{t}\mathrm{S}}\mathrm{c}\mathrm{h}\mathrm{e}[6]$ Weil )
1.3 ([6, 7]). X Poincar\’e $P_{t}(X^{[n1})$ .
$\mathrm{t}$
$\sum_{n=0}^{\infty}qt(n_{P}x^{[}n])=\prod_{m=1}\infty\frac{(1+t^{2m-1}qm)b_{1}(\mathrm{x})(1+t2m+1mq)bs(\mathrm{x})}{(1-t^{2m}-2mq)b0(x)(1-t^{2mm}q)^{b_{2}}(X)(1-t2m+2mq)b4(X)}$ .
, $b_{i}(X)$ $X$ $i$ Betti .
. Springer ,
. Hilbert scheme , .
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1.4 (Fujiki [5], Beauville [1]). $X$ , $X^{[\mathfrak{n}]}$
. .
$S^{n}X$ $S_{()}^{n_{1^{n}}}X$ , $X$
, Hilbert-Chow $\pi$
. , $\text{ }\pi^{-1}(s_{(2)}\mathfrak{n}_{1^{n-}2})$ ,
2 , $X^{[n]}$ . , $\pi^{-1}(S_{(12)}^{n}\mathrm{L}-2)$




, $X=\mathbb{C}^{2}$ Hilbert scheme .
$\mathbb{C}^{2}$ , , $\mathbb{C}[Z1, Z2]$
– . , $(\mathbb{C}^{2})[n]$ , $I\subset \mathbb{C}[z_{1}, z2]$ $\mathbb{C}[Z_{1}, Z2]/I$
$\mathbb{C}$ $n$ – . , . $n$
$\mathbb{C}[Z_{1}, z_{2}]/I$ $V$ , $z_{\dot{1}},$ $z_{2}$ $V$ $B_{1}$ ,
$B_{2}$ . $i:\mathbb{C}arrow V$ $i(1)=1\mathrm{m}\mathrm{o}\mathrm{d} I$ \supset . .
.
1.5. $(\mathbb{C}^{2})1n]$ , $(B_{1},.B_{2}, i)$ $\mathrm{G}\mathrm{L}(V).\text{ }$
.
1. $[B_{1}, B_{2}]=0$
2. $B_{1},$ $B_{2}$ $V$ $S$ $i(1)$ , $V$ ,
, $i(1)$ tf cyclic vector .
( $B_{1},$ $B_{2}$ , , .
$(B_{1}, B_{2}, i)$ ,
$I=\{f(Z1, Z2)\in \mathrm{c}[Z1, z_{2}]|f(B_{1}, B_{2})i(1)=0\}$
$I$ , $(\mathbb{C}^{2})^{[n]}$ , – .
, Hilbert scheme . ,
$n$
$\{(_{Z_{1}^{1},Z_{2}}1), \ldots, (Z, Z_{2})1nn\}$
, $B_{1},$ $B_{2}$
$B_{1}=$ , $B_{2}=$ , $i=$




$B_{1}=$ , $B_{2}=$ , $i=(^{0})$
. , $[\alpha : \beta]$ , $(Z_{1}, z_{\mathit{2}})$ –
, $(\mathbb{C}^{2})^{[2}]$ . , ,
Jordan , ,
, Hilbert-Chow .
Hilbert scheme , ,
, . .
, , . , ,
Hilbert scheme – , 1
. , Kac-Moody Lie ,
, .
FIGURE 1. Hilbert scheme
2. HILBERT SCHEME HEISENBERG
$arrow \mathrm{G}\text{\"{o}} \mathrm{t}\mathrm{t}\mathrm{s}\mathrm{c}\mathrm{h}\mathrm{e}$ Poincar\’e ,
. $t$ , Dedekind \eta
$q^{1/24}$ . affine Lie
, , Heisenberg ( Fock
) , Clifford (
Fock ) . \searrow ,
, Vafa-Witten [11] .
, Kac-Moody Lie
, Hilbert scheme , $\mathrm{H}\mathrm{e}\mathrm{i}_{\mathrm{S}\mathrm{e}\mathrm{n}}\mathrm{b}\mathrm{e}\mathrm{r}\mathrm{g}/\mathrm{C}\mathrm{l}\mathrm{i}\mathrm{f}\mathrm{f}\mathrm{o}\mathrm{r}\mathrm{d}$
. , .
.
. Hilbert scheme ( disjoint union) subvariety $P[i]$
. $i>0$
$P[i]= \prod\{n(J_{1}, J_{2})\in X^{[n}-i]\cross X[n]|J_{1}\supset$ ,
$x$ Supp(M/J2) $=\{x\}$ }
, $i<0$ $J_{2}$ . $i=0$ . $x$
, $\Pi:P[i]arrow X$ . , Hilbert-Chow
43
semi-small , $P[i]$ $X^{[n-\dot{\cdot}]}\cross X^{[n]}$ $2n-i+1$
.
$X$ $H_{*}(X)$ , $H_{*}^{lf}(X)$
. (X , )
$i$
.
$>0$ , $\alpha\in H_{*}^{lf}(X$
.
$).’ i.<0$ $\alpha\in H_{*}(X)\text{ _{ } },$.
$\ovalbox{\tt\small REJECT}[i]$ $=\Pi^{*}\alpha\cap[P[i]]$
. support ,
$H_{*}(X^{[n]})\ni Crightarrow p_{1*}(P[\alpha i]\cap p_{2}^{*}c-)\in H*(X[n-i1)$
. $p_{1},$ $p_{2}$ , $X^{[n-i}$] $\cross X^{[n]}$ – , .
, $-\alpha$ , $P_{\alpha}[i]$ , $i>0$ ,
$i<0$ .
, $2n+k$ $2(n-i)+k+\deg\alpha-2$
. $k$ $k+\deg\alpha-2$ .
$\deg\alpha=2$ . , $n$ ,
$\bigoplus_{n}H_{*}(X^{1n}])$
, $P_{\alpha}[i]$ . ,
.
21(Nakajima [9], Grojnowski [8]).
$P_{\alpha}[i]P_{\rho}[j]-(-1)^{\mathrm{d}\mathrm{d}\beta}\mathrm{e}\mathrm{g}\alpha \mathrm{e}\mathrm{g}P_{\rho}[j]P\alpha[i1=(-1)^{i-1}i\delta_{i+}j,0\langle\alpha, \beta\rangle$ id
, $\langle\alpha, \beta\rangle$ $\alpha$ $\beta$ , $H_{*}^{lf}(X)$ , $\delta_{i+j,0}$
, – $H_{*}(X)$ – $H_{*}^{lf}(X)$
.
, $(-1)^{:}-1i$ , $i$ ( $X$ $\alpha,$ $\beta$




$.\text{ }$ , .
3.
, $X$ $C$ , $C$ $[C]$
$P_{[c_{\mathrm{J}}}$ [i| . - , $C$ $n$ Hilbert scheme $C^{[n]}$
$S^{n}C$ , $X^{[n]}$ subvariety .
$[s^{n}c]\in H_{2n}(X^{[n1})$ . .
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3.1. $C$ $S^{n}C$ $[S^{n}C]$ , $P_{[c_{\mathrm{J}}}$ [i|
.
$\sum_{n=0}^{\mathrm{w}}z^{n}[SnC]=\exp(\sum_{i=1}^{\infty}\frac{z^{i}P_{\{c_{][i}}-]}{(-1)^{i1}-i})\cdot 1$
, 1 , $H^{0}(x^{[0]})=H^{0}(P^{t})$ canonical .
, $P_{[C][-l}arrow$ $p_{i}= \sum_{m}X_{m}i$
, , $[s^{n}c]$ $n$ elementary symmetric function $e_{n}$
.
, monomial symmetric function $m_{\lambda}$
$m_{\lambda}(X_{1}, \ldots, X_{N})=\sum_{\alpha\in sN\lambda}X_{1}^{\alpha_{1}\ldots\alpha_{N}}XN$
, ,
. , [10] .
, $(-1)^{i1}-i$ . $X=\mathbb{C}\mathrm{P}^{2}$
, $C=$ line , $P_{[C][]}i[S^{n}C]$ . $C$
line $C’$ , $[S^{n-i}C]$ .
, $(-1)^{i-1}i$ .
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